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Abstract
It is shown that simplicity of a totally disconnected locally compact group G imposes (in the case when
G is compactly generated) restrictions on the local structure of the group. For instance, if G is compactly
generated and topologically simple, then no compact open subgroup of G is solvable. That G must be
compactly generated for there to be a relationship between simplicity and local structure is demonstrated
by several examples.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Simple groups play an important role in group theory as the indecomposable factors in com-
position series, and they frequently appear in applications of the theory. It is significant for both
theory and applications that several types of simple groups have been completely classified.
These include the simple finite groups, [6], and the simple connected Lie groups, [13]. Since
each connected locally compact group may be approximated by Lie groups, [10], the latter is
also a classification of the simple connected locally compact groups.
Simple locally compact groups that are not connected are investigated in this note. Each
locally compact group is the canonical extension of the connected group G0 (the connected
component of the identity) by the totally disconnected group G/G0, [8, Theorem II.7.3], and so
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reasons. The first is that new classes of simple totally disconnected locally compact groups have
recently been discovered, [7,12], that supplement the long-known classes of: simple Lie groups
over local fields, [4] (that are counterparts of the connected simple Lie groups); and automor-
phism groups of trees, [14] (that have no counterpart in the Lie theory). The second reason is
that new techniques for studying general totally disconnected locally compact groups have be-
come available. The main tools are: a canonical form for group automorphisms (provided by the
subgroups tidy for the automorphism) and the scale of the automorphism (which is a positive
integer analogous to eigenvalues in the adjoint representation in Lie theory). These ideas have
been developed in [15–18] and are summarized in [19].
Any group is totally disconnected and locally compact when equipped with the discrete topol-
ogy and attention is restricted here to non-discrete simple groups. Two notions of simplicity apply
in this context. A group satisfying the standard algebraic definition that it has no non-trivial
normal subgroups will be called simple, while a group that has no non-trivial closed normal
subgroups will be called topologically simple. The observations made below apply to the weaker
notion of topological simplicity. It is seen that prospects for a classification are much better under
the additional restriction that the groups should be compactly generated.
Section 2 shows that in the compactly generated case topological simplicity has implications
for the local structure of the group. This suggests a similarity between this case and that of
simple connected groups, where local structure characterizes simple groups and Lie algebra data
are used in the classification. Section 3 shows that such a similarity is lost for groups that are
not compactly generated by constructing several examples where the results of Section 2 fail if
this hypothesis is dropped. In particular, there are topologically simple groups whose compact
open subgroups are abelian. Section 4 outlines recently developed methods for analyzing totally
disconnected groups and discusses the role they might play in a classification.
2. Compactly generated simple groups
Connected locally compact groups are automatically compactly generated and, if simple, are
metrizable. In the totally disconnected case, a topologically simple group that happens to be
compactly generated is metrizable too. (Corollary 3.3 shows that this does not necessarily hold
if the group is not compactly generated.)
Proposition 2.1. Let G be a σ -compact and topologically simple totally disconnected locally
compact group. Then G is metrizable.
Proof. Let U be a compact open subgroup of G. Then the coset space G/U is countable because
G is σ -compact and each compact subset is covered by finitely many U -cosets. Hence the set
of conjugates of U is countable and ⋂x∈G xUx−1 is in fact the intersection of a countable set
of compact open subgroups. Since this intersection is a closed normal subgroup of the topolog-
ically simple group G, it is equal to the trivial subgroup. Therefore G has a countable base of
neighborhoods of the identity and is a metrizable group. 
Since compactly generated groups are σ -compact, these groups too must be metrizable if
topologically simple.
Metrizability is a local property for locally compact groups. The next few results show that
topological simplicity also has algebraic consequences for the local structure of a group.
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pact group and suppose that G is topologically simple. Then no compact open subgroup of G is
solvable.
Proof. Suppose for a contradiction that G has a solvable compact open subgroup and let U be
such a subgroup having the minimum solvable length. Let U(n) be the last non-trivial term in the
commutator series. Then U(n) is abelian and is not discrete, or else U could be replaced with a
smaller compact open subgroup having shorter solvable length.
Let K be a compact generating set of G. Since G is topologically simple, the subgroup
〈xux−1 | x ∈ G, u ∈ U(n)〉 is dense in G and therefore intersects each of the finitely many
U -cosets in KU . Hence there are elements u1, . . . , uk ∈ U(n) and x1, . . . , xk ∈ G such that
U ∪ {xiuix−1i | i ∈ {1, . . . , k}} generates G.
Next, let V be an open normal subgroup of U contained in
⋂k
i=1 xiUx
−1
i . Then V
(n) is non-
trivial because U has the minimum solvable length, n, among compact open subgroups of G.
Furthermore:
(1) V (n) is normal in U , because subgroups in the commutator series are characteristic in V ; and
(2) V (n) is normalized by each of the elements xiuix−1i (i ∈ {1, . . . , k}), because: it is a sub-
group of (xiUx−1i )(n) for each i; (xiUx
−1
i )
(n) = xiU(n)x−1i and is abelian; and xiuix−1i ∈
xiU
(n)x−1i .
Since U ∪ {xiuix−1i | i ∈ {1, . . . , k}} generates G, it follows that V (n) is a normal subgroup of G,
which contradicts its topological simplicity. 
The local prime content of a totally disconnected locally compact group G is defined in [5,
Definition 6.1]. It is the set L(G) of prime numbers, p, such that for every compact open sub-
group U  G there is an open V  U such that p divides [U : V ]. The following alternative
description of L(G) will be useful.
Lemma 2.3. Let G be a totally disconnected locally compact group. Then L(G) is equal to the
set prime numbers, p, such that there are compact open subgroups U1  U2  · · · such that p
divides [Un : Un+1] for every n.
Proof. If p belongs to L(G), then a decreasing sequence of compact open subgroups {Un} such
that p divides [Un : Un+1] for each n may be constructed recursively.
Conversely, if such a sequence exists and U is any compact open subgroup, then the sequence
{UUn} of finite unions of right U -cosets is decreasing and therefore eventually stabilizes. Choose
n such that UUn+1 = UUn. Then the map
x(Un+1 ∩ U) → xUn+1
is a surjection from (Un ∩U)/(Un+1 ∩U) to Un/Un+1. Since this map is automatically injective,
it follows that [Un ∩U : Un+1 ∩U ] = [Un : Un+1]. Hence p divides [U : Un+1 ∩U ] and we have
shown that p ∈ L(G). 
The next lemma was suggested by the referee and will be used several times.
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bers. Define
L(U,S) := {V U ∣∣ V is open and [U : V ] is a product of primes belonging to S}.
Suppose that V1,V2 ∈ L(U,S) and that V1 is normal in U . Then:
(i) V1 ∩ V2 ∈ L(U,S) and all prime factors of [V1 : V1 ∩ V2] and [V2 : V1 ∩ V2] belong to S;
and
(ii) ⋂L(V1,S) =⋂L(U,S).
Proof. (i) Since V1 is normal, V1V2 is a group and [V1 : V1 ∩ V2] = [V1V2 : V2], which divides
[U : V2]. Hence [U : V1 ∩ V2] = [U : V1][V1 : V1 ∩ V2] is a product of primes from S. That all
prime factors of [V2 : V1 ∩ V2] also belong to S follows because the equation
[V1V2 : V1 ∩ V2] = [V1V2 : V1][V1 : V1 ∩ V2] = [V1V2 : V2][V2 : V1 ∩ V2]
implies that [V2 : V1 ∩ V2] = [V1V2 : V1], which divides [U : V1].
(ii) The inclusion ⋂L(V1,S) ⋂L(U,S) is immediate because L(V1,S) ⊆ L(U,S). The
fact, established in (i), that L(V1,S) ⊇ {V1 ∩ V2 | V2 ∈ L(U,S)} implies the reverse inclu-
sion. 
Corollary 2.5. Let G be a totally disconnected locally compact group and suppose that
L(G) = ∅. Then for every finite set, S, of prime numbers and every compact open subgroup,
U G, the set L(U,S) defined in Lemma 2.4 is finite.
Proof. Suppose that the claim is false and let Vk (k ∈ N) be distinct elements of L(U,S). For
each k ∈ N let Nk =⋂u∈U uVku−1 be the core of Vk in U and put Wk :=⋂kj=0 Nj (k ∈ N). Then{Wk} is a non-increasing sequence of open normal subgroups of U . Since Wk has finite index
in U , only finitely many of the subgroups Vn contain Wk and it follows from the inclusions
Wk+1 Wk ∩ Vk+1 Wk for each k (1)
that the sequence {Wk} properly decreases infinitely often. Furthermore, since Wk is normal,
Lemma 2.4(i) and (1) imply that there is at least one p ∈ S such that p divides [Wk : Wk+1] for
infinitely many values of k. Having found p, a subsequence {Wnj }j∈N may be chosen such that
p divides [Wnj : Wnj+1] for all j . It follows by Lemma 2.3 that p ∈ L(G), in contradiction to the
hypothesis that L(G) is empty. 
The referee has pointed out that, since there are only countably many choices of S and for
each choice L(U,S) is finite, U has only countably many compact open subgroups and therefore
G is metrizable.
Corollary 2.6. Every totally disconnected locally compact group G having empty local prime
content is metrizable.
The proof of Theorem 2.8 below refers to [15, Lemma 1] which asserts that, if x ∈ G and V
is any compact open subgroup of G, then there is n 0 such that W :=⋂nk=0 xkV x−k satisfies
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all subgroups of G, if W = W+W−, then W = (W+W−)−1 = W−W+.) Some further facts about
W required in the proof are derived next.
Lemma 2.7. Let x ∈ G and suppose that W is a compact open subgroup of G such that W =
W+W− = W−W+. Then for every m 0:
(i) ⋂mj=0 xjWx−j = xmW−x−mW+; and
(ii) [⋂mj=0 xjWx−j :⋂m+1j=0 xjWx−j ] = [W− : xW−x−1] < ∞.
Proof. (i) Since xW+x−1 W+ and xW−x−1 W−, both W+ and xmW−x−m are subgroups
of
⋂m
j=0 xjWx−j . Hence the set on the right side is contained in that on the left. For the reverse
inclusion, let w ∈⋂mj=0 xjWx−j . Then w ∈ W in particular and so w = w−w+, where w± ∈
W± and it suffices to show that w− ∈ xmW−x−m. For this, using again that w+ ∈⋂mj=0 xjWx−j ,
we have
w− ∈
(
m⋂
j=0
xjWx−j
)
∩ W− =
m⋂
j=−∞
xjWx−j = xmW−x−m.
(ii) Since⋂m+1j=0 xjWx−j is an open subgroup of the compact group⋂mj=0 xjWx−j , the index
is finite and it remains only to show that it equals [W− : xW−x−1]. This is implied by part (i) and
the fact that the map
w
(
xW−x−1
) → xmwx−m(xm+1W−x−(m+1)W+)
is a bijection from W−/(xW−x−1) to (xmW−x−mW+)/(xm+1W−x−(m+1)W+). 
Theorem 2.8. Let G be a compactly generated totally disconnected locally compact group and
suppose that L(G) = ∅. Then G is pro-discrete.
Proof. Let U be any compact open subgroup of G and choose x1, . . . , xk such that
⋃k
i=1 xiU
generates G. Since U is arbitrary, it suffices to find an open subgroup V < U that is normal in U
and is normalized by each xi .
The group V will be found by inductively constructing compact open subgroups V (i) of U ,
i = 0,1, . . . , k, that are normal in U and normalized by x1, . . . , xi . Begin by taking V (0) = U
and suppose that V (i) has been defined for some i. Then, by [15, Lemma 1] there is a non-
negative integer n such that the group W :=⋂nj=0 xji+1V (i)x−ji+1 satisfies W = W+W−, where
W± =⋂∞j=0 x±ji+1Wx∓ji+1. Then xi+1W−x−1i+1 W− and, by Lemma 2.7,[
m⋂
j=0
x
j
i+1Wx
−j
i+1 :
m+1⋂
j=0
x
j
i+1Wx
−j
i+1
]
= [W− : xi+1W−x−1i+1]
for each m  0. The open subgroups
⋂m
j=0 x
j
i+1Wx
−j
i+1, m = 0,1,2, . . . form a non-increasing
sequence and so, since U has empty prime content, the only way this can occur is if
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W+ and W− that xi+1W+x−1i+1 = W+. Hence xi+1Wx−1i+1 = W . Let S be the set of prime divisors
of [U : W ] and define, as in Lemma 2.4, L(U,S) to be the set of open subgroups V  U such
that [U : V ] is a product of primes in S. Then L(U,S) is finite, by Corollary 2.5, and
W ′ :=
⋂
L(U,S)
is an open subgroup of U . It is clear that W ′ is a topologically characteristic subgroup of U
and it is contained in V (i) because W is contained in V (i). Moreover,
⋂
L(V (i),S) = W ′ by
Lemma 2.4(ii) because V (i) is normal in U . Hence W ′ is also a topologically characteristic
subgroup of V (i). Let T be the set of prime divisors of [W : W ′] and put
V (i+1) :=
⋂
L(W,T).
Then V (i+1) is topologically characteristic in W and is in particular invariant under conjugation
by xi+1. Since W ′ is normal in W (being a characteristic subgroup of U ), we also have, by
Lemma 2.4(ii), that V (i+1) :=⋂L(W ′,T) and so is topologically characteristic in W ′. Hence,
since x1, . . . , xi and U normalize W ′, it follows that V (i+1) is normalized by x1, . . . , xi and U
as well as xi+1 and the induction continues. 
The theorem has an immediate consequence for topologically simple groups.
Corollary 2.9. Let G be a compactly generated, topologically simple, totally disconnected and
non-discrete locally compact group. Then the local prime content of G is not empty.
Call two finite groups F and G incomparable if there are no non-trivial homomorphisms
ϕ :F → G or ϕ :G → F . The following result, which is not difficult to see, is in the same spirit
as Theorem 2.8 and suggests that something stronger may hold.
Theorem 2.10. Let G be a compactly generated totally disconnected locally compact group and
suppose that G has a compact open subgroup of the form ∏n Fn, where {Fn}n∈N is a family of
pairwise incomparable finite groups. Then G is pro-discrete. In particular, if G is not discrete,
then it is not topologically simple.
3. Topologically simple groups that are not compactly generated
This section begins with a general construction of a totally disconnected group from an
increasing sequence {Gn}n∈N of finite groups that satisfies certain conditions. The groups so
constructed are direct limits of compact groups and are therefore not compactly generated. The
construction is then carried out for several sequences of groups to produce topologically simple
groups having various additional properties. It is a consequence of the construction that each of
the groups obtained has a dense normal subgroup and is therefore not simple.
The construction. Let {Gn}n∈N be an increasing sequence of finite groups and suppose that
each group Gn has a subgroup Un such that {Un}n∈N is also an increasing sequence and that for
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define
(a) U :=
∏
k∈N
Qk and (b) G˜n := Gn ×
∏
kn+1
Qk, (2)
where both groups are equipped with the product topology. Then U and G˜n are totally discon-
nected compact groups. The projections G˜n → Gn and G˜n →∏kn+1 Qk implicit in (2)(b) will
be denoted by φn and φˆn respectively. Identifying internal and external direct products yields
that Un =∏nk=0 Qk ; that U is an open subgroup of G˜n; and that G˜n is a subgroup of G˜n+1 for
each n. Define
G := lim−→
n
G˜n. (3)
Then G is a totally disconnected locally compact group and U is a compact open subgroup of G.
Lemma 3.1. Let G be a group constructed as in (3).
(i) Every x ∈ G normalizes some compact open subgroup V < G.
(ii) ⋃n Gn is a dense normal subgroup of G.
Proof. (i) Let x belong to G and choose n such that x ∈ G˜n. Then V may be taken to be G˜n.
(ii) Let x be in G and y be in ⋃n Gn. Choose n such that x ∈ G˜n and y ∈ Gn. Then xyx−1 =
φn(x)yφn(x)
−1 ∈ Gn and so ⋃n Gn is normal in G. That ⋃n Gn is dense in G holds because
φn(x) → x as n → ∞. 
In the next proposition SN denotes the permutation group on N.
Proposition 3.2. Let {kn}n∈N be a strictly increasing sequence of positive integers and suppose
that kn+1 − kn > 1 infinitely often. Define k−1 = −1. For each n define
Gn =
{
π ∈ SN
∣∣ π(m) = m if m > kn},
Qn =
{
π ∈ SN
∣∣ π(m) = m if m > kn or m kn−1}, and
Un = Q0 × · · · × Qn.
Then the group G defined from Gn and Un as in (3) is topologically simple and the subgroup U
is isomorphic to the product
∏∞
n=0 S[kn−1+1,kn] of finite permutation groups.
Proof. For π ∈ G, denote by N(π) the smallest normal subgroup of G containing π . It must
be shown that if π is not equal to the identity, then N(π) is dense in G. To this end, let n be
sufficiently large that π ∈ G˜n and, supposing that π is not equal to the identity, that π(m) = m
for some m < kn. Since Gn is isomorphic to the permutation group S[0,kn], and since for kn  4,
which is true when n is sufficiently large, the only non-trivial normal subgroups of S[0,kn] are
the subgroup of even permutations and the whole group, it follows that φn(N(π)∩ G˜n) contains
at least the even permutations. Hence φn(N(π)) contains all even permutations on [0, kn]. That
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odd permutation on [0, kn] and choose l > n such that kl+1 − kl > 1. Then μσ , where σ is the
transposition that interchanges kl+1 − 1 and kl+1, is an even permutation in Gl+1 and therefore
belongs to φl+1(N(π) ∩ G˜l+1) by the previous argument. Since μσ ∈ G˜n and φn(μσ) = μ, it
follows that φn(N(π)) = Gn. Hence, by Lemma 3.1(ii), N(π) is dense in G.
The last claim follows because Qn is isomorphic to S[kn−1+1,kn] for each n. 
The construction described at the beginning of this section applies to increasing nets of finite
groups, not just sequences, and may be used to show, using the arguments of the previous proof,
that non-metrizable topologically simple groups exist.
Corollary 3.3. Let X be an infinite set and let P be a partition of X into 2-element subsets.
(i) Define U to be the group of permutations π ∈ SX such that π(P ) = P for every P ∈ P . Then
U is isomorphic to the product of infinitely many copies of the group of order 2, which is
compact when equipped with the product topology but is not metrizable if X is uncountable.
(ii) Define A to be the group of finite permutations of X. Then A is a normal subgroup of SX
and the trivial subgroup and the group of even permutations are the only proper normal
subgroups of A.
(iii) Put G = AU . Then U ∩xUx−1 is an open subgroup of U for every x ∈ A and so G becomes
a locally compact group under the topology in which open subgroups of U form a base of
neighborhoods for the identity. Under this topology G is topologically simple and has A as
a dense normal subgroup.
The next proposition is proved in a similar way as Proposition 3.2, the main difference result-
ing from the fact that U does not contain transpositions. Indeed, U is a product of cyclic groups
of odd order and so does not contain any odd permutations. To account for this, the groups Gn
now include only the even permutations on [0, kn].
Proposition 3.4. Let pi denote the ith odd prime number and put kn = ∑ni=0 pi . Define
k−1 = −1. For each n define
Gn =
{
π ∈ SN
∣∣ π(m) = m if m > kn and π |[0,kn] is even},
Qn = the group of cyclic permutations of [kn−1 + 1, kn], and
Un = Q0 × · · · × Qn.
Then the group G defined from Gn and Un as in (3) is topologically simple and the subgroup U
is isomorphic to the product
∏∞
n=0 Cpn of finite cyclic groups of order pn.
In the next example, p is a fixed odd prime number and Fp is the field of order p. The general
linear group GLn(Fp) will be embedded in GLn+1(Fp) by
GLn(Fp)  T →
(
T 0
0 1
)
∈ GLn+1(Fp).
The determinant det : GLn(Fp) → (Fp \ {0},×) is a group homomorphism whose kernel,
SLn(Fp), is simple. Note that {±1} is a subgroup of (Fp \{0},×) and the inverse image under det
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group.
Proposition 3.5. Let p be an odd prime number and for each n put
G
(p)
n =
{
T ∈ GLn(Fp)
∣∣ det(T ) ∈ {±1}}, and
Un =
{
T ∈ GLn(Fp)
∣∣ Tij = 0 if i = j and Tii = ±1}.
Then the group G(p) defined from G(p)n and Un as in (3) is topologically simple modulo its center,
which has order 2. The subgroup U is isomorphic to the infinite product, {±1}N, of groups of
order 2.
Proof. The center of G(p)n consists of scalar matrices kIn, where k ∈ Fp \{0}. Hence, if z belongs
to Z(G(p)), then φn(z) is equal to kIn for some k ∈ Fp \ {0} once n is sufficiently large that
z ∈ G˜(p)n . The scalar k does not depend on n. Since zφn(z)−1 belongs to∏kn+1{±1}, it follows
that k = ±1 and Z(G(p)) has order 2. If x does not belong to Z(G(p)), then φn(x) does not
equal kIn for n sufficiently large. Then the normal subgroup of G(p)n generated by φn(x) contains
SL(p)n (Fp). Let T ∈ G(p)m for some m and suppose that det(T ) = −1. Define Ln ∈ G(p)n by
(Ln)ij =
⎧⎨
⎩
0 if i = j,
1 if i = j < n,
−1 if i = j = n.
Then T Ln ∈ SLn(Fp) for each n > m and T Ln → T as n → ∞ in G(p). Hence T belongs to the
closure of the normal subgroup generated by x and it follows, by Lemma 3.1 that this normal
subgroup is dense. Hence G(p) is topologically simple modulo Z(G(p)). 
The groups G(p)/Z(G(p)) constructed in Proposition 3.5 all have a compact open subgroup
isomorphic to ({±1},×)N, as does the group constructed in Proposition 3.2 when kn+1 − kn  2
for all n. It will be shown next that the groups G(p)/Z(G(p)) are not isomorphic for distinct
primes, thus showing that, when not compactly generated, non-isomorphic topologically simple
groups may have the same local structure. I am grateful for the referee’s suggestions: to make
explicit the statement of non-isomorphism; and for the proof that the groups are not isomorphic.
Proposition 3.6. Let G(p) be the group constructed in Proposition 3.5 and let U be the compact
open subgroup defined there.
(i) The centralizer, CG(p)(U), of U in G(p) is isomorphic to the restricted product
{
f ∈ (Fp \ {0},×)N ∣∣ f (k) = ±1 for all but finitely many k}.
(ii) Let Uˆn := {T ∈ U | Tii = 1 if i  n} be a compact open subgroup of U . Then the double
centralizer CG(p)(CG(p)(Uˆn)) is a non-trivial torsion group of exponent p − 1.
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n sufficiently large that x ∈ G˜. Matrix calculations show that the centralizer of φn(U) consists of
diagonal matrices in GLn(Fp). Since φn(x) is diagonal and, by definition, φˆn(x) ∈∏kn+1{±1},
it follows that x has the stated form. It is clear that every such element centralizes U .
(ii) Similar considerations to those in part (i) show that CG(p)(Uˆn) consists of x ∈ G(p) such
that φj (x) is a block matrix,
φj (x) =
(
T 0
0 D
)
,
where T ∈ G(p)n and D is a (j −n)× (j −n) diagonal matrix for all j large enough that x ∈ G˜(p)j .
It follows that, if y ∈ CG(p)(CG(p)(Uˆn)), then φj (y) is a block matrix,
φj (y) =
(
S 0
0 D
)
,
where S is a scalar matrix in G(p) and D is a (j − n) × (j − n) diagonal matrix for all j large
enough that j ∈ G˜(p)j . Since φˆj (y) belongs to
∏
ij+1{±1}, y is diagonal and all entries belong
to (Fp \ {0},×). Hence y has order dividing p − 1. That the double centralizer is not trivial may
be seen by noting that it contains the diagonal elements Y (p)n ∈ G(p)n+1 ⊂ G(p) defined by
(Yn)ij =
⎧⎪⎪⎨
⎪⎪⎩
0 if i = j,
1 if i = j  n,
z−1 if i = j = n + 1,
z if i = j = n + 2,
where z generates (Fp \ {0},×). 
Corollary 3.7. Two groups G(p) and G(q) as constructed in Proposition 3.5 are isomorphic if
and only if p = q .
Proof. Suppose that ϕ :G(p) → G(q) is an isomorphism. Then there are Uˆ (p)n G(p) and sub-
groups Uˆ (q)l  Uˆ
(q)
m G(q) such that Uˆ (q)l  ϕ(Uˆ
(p)
n ) Uˆ (q)m . The double centralizer of ϕ(Uˆ (p)n )
is isomorphic to that of Uˆ (p)n and is therefore a non-trivial group of exponent p − 1. On the other
hand,
CG(q)
(
CG(q)
(
Uˆ
(q)
l
))
CG(q)
(
CG(q)
(
ϕ
(
Uˆ
(p)
n
)))
 CG(q)
(
CG(q)
(
Uˆ
(q)
m
))
and so the double centralizer of ϕ(Uˆ (p)n ) is also a non-trivial group of exponent q − 1. Therefore
p = q . 
4. Invariants for a classification of simple groups
The papers [15–18] develop new methods for studying totally disconnected locally compact
groups, and further developments are made in [1,2]. These methods provide invariants that dis-
tinguish between totally disconnected groups and which might be used to broadly classify the
simple groups of this type.
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the totally disconnected locally compact group, G, is
s(α) = min{[α(U) : U ∩ α(U)] ∣∣U G is compact and open}. (4)
The scale is a positive-integer-valued function on the automorphisms of G having the prop-
erty that s(α) = 1 = s(α−1) if and only if there is a compact open subgroup U of G such that
α(U) = U . If G is a p-adic Lie group or a Lie group over a field of characteristic p, then the value
of the scale function is always a power of p, [5, Proposition 5.5]. If G is the automorphism group
of a homogeneous tree where every vertex has degree q + 1, then the value of the scale function
is always a power of q , [15, p. 358]. The set of values taken by its scale function is therefore
an isomorphism invariant that might be used to distinguish families of simple groups. This set
does not always consist of the powers of a single integer, as may be seen by computing the scale
function for some of the simple groups described in [14]. However, if G is compactly generated,
then the set of prime divisors of the scale of inner automorphisms is finite, [17, Theorem 3.4].
If G is pro-discrete, then the scale of all inner automorphisms will equal 1. Groups for which
all inner automorphisms have scale 1 are called uniscalar, [11]. Compactly generated uniscalar
groups that are not pro-discrete exist from a construction in [3,9], but it is not known whether
such groups can be simple.
Problem 4.1. Do there exist compactly generated, uniscalar, non-discrete groups that are simple
or topologically simple?
The groups in Propositions 3.2–3.5 are topologically simple and uniscalar and so the problem
is to find compactly generated examples.
Prime divisors of the values of the scale function on Aut(G) all belong to the local prime con-
tent of G, [5, Proposition 6.2], and Corollary 2.9 shows that the answer is negative if ‘uniscalar’
is replaced by ‘empty local prime content’ in Problem 4.1. On the other hand, Proposition 3.4
shows that if G is not compactly generated then it can be topologically simple and have empty
local prime content. The local prime content might therefore be an additional isomorphism in-
variant that distinguishes families of compactly generated simple groups.
A compact open subgroup U at which the scale of α is attained in (4) is said to be tidy for α.
Finding subgroups tidy for an automorphism α is analogous putting α into canonical or standard
form in two senses: first, α acts on tidy subgroups in a simply-described way; and second, in
particular classes of groups, subgroups tidy for α are closely associated with a canonical form
relevant to the class of groups, see [19]. It is not difficult to show that, if U is tidy for α, then
it is tidy for every automorphism in the group {αn | n ∈ Z}. A group, A, of automorphisms is
said to be flat if there is a compact open subgroup U that is tidy for every α ∈A and a subgroup
of G is called flat if it induces a flat group of inner automorphisms. It may be shown, see [18],
that, if A is flat, then it is a free abelian group modulo A1 := {α ∈A | s(α) = 1 = s(α−1)}. The
maximum rank of A/A1, where A is a flat subgroup of G, is called the flat-rank of G. Groups
have flat-rank 0 if and only if they are uniscalar and so Problem 4.1 asks whether there exist
compactly generated topologically simple groups having flat-rank 0. It is also unknown whether
such groups may have infinite flat-rank.
Problem 4.2. Does every compactly generated group that is simple or topologically simple have
finite flat-rank?
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simple totally disconnected groups: the flat-rank coincides with the usual rank when G is a
simple p-adic Lie group.
In simple p-adic Lie groups, the Cartan subgroups are flat and have maximal rank. Cartan
subgroups are conjugate to each other, but the simple groups studied in [14] show that in general
maximal flat groups are not conjugate.
The description of the action of an automorphism on a tidy subgroup may be refined for flat
groups of automorphisms as follows, see Section 6 of [18]. Any compact open subgroup, U ,
that is tidy for the flat group, A, of automorphisms factors as U = U0U1 · · ·Uq , where Uj is a
compact subgroup of U for each j = {0,1, . . . , q} and for every α ∈ A either α(Uj )  Uj or
α(Uj ) Uj . Furthermore U0 is invariant under each α ∈A and U˜j :=⋃α∈A α(Uj ) is a closed
A-invariant subgroup of G when j  1. The number, q , of factors depends only on A. The
numbers thus associated with maximal flat groups of automorphisms are another isomorphism
invariant for totally disconnected groups that could parametrize families of simple groups. These
numbers would be analogues of the dimension of Lie groups. If G is a simple p-adic Lie group
and A a Cartan subgroup, then the groups U˜j may be shown to be the root subgroups of G. The
commutation relations between root subgroups appear to extend to the general case and so it is
possible that root diagrams could also extend and assist in classifying simple totally disconnected
groups.
The groups U˜j arising from a flat group A of automorphisms with tidy subgroup U are A-
invariant. The semi-direct product U˜j A may be described as an HNN-extension and thus has
a natural action on a homogeneous tree, see [1]. Under this action, U˜j A stabilizes an end of
the tree, while U˜j determines elliptic elements and A hyperbolic elements of the automorphism
group of the tree. In the case of simple p-adic Lie groups, vertices in the tree have degree p + 1
and the action factors through the familiar action of (Qp,+)  (Qp \ {0},×) on the tree. This
action does not produce the full subgroup stabilizing the end of the tree. There are infinitely
many distinct closed subgroups of the stabilizer of an end and identifying which arise from
simple groups may also be an important part of a classification.
All of the invariants suggested above depend on the local structure of G because they depend
on (compact and open) tidy subgroups. Proposition 3.5 and Corollary 3.7 show that there are
infinitely many non-isomorphic topologically simple groups having the same local structure.
These groups are not compactly generated however and the results in Section 2 show that for
compactly generated groups the relationship between local and global structure of simple groups
is much closer.
Problem 4.3. Let G1,G2 be topologically simple (or simple) totally disconnected locally com-
pact groups. Suppose that there are compact open subgroups Ui Gi (i = 1,2) that are isomor-
phic. Does it follow that G1 and G2 are isomorphic?
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